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Abstract 

Let / be a holomorphic automorphism of a compact Kahler mani- 
fold (X,u>) of dimension k > 2. We study the convex cones of positive 
closed (p, p)-currents T p , which satisfy a functional relation 

f*T p = \T p , A>1, 

and some regularity condition (PB). Under appropriate assumptions 
on dynamical degrees we introduce closed finite dimensional cones, not 
reduced to zero, of such currents. In particular, when the topological 
entropy h(/) of / is positive, then for some m > 1, there is a positive 
closed (m, m)-current T m which satisfies the relation 

f*T m = exp(h(/))T m . 

Moreover, every quasi-p.s.h. function is integrable with respect to 
the trace measure of T m . When the dynamical degrees of / are all 
distinct, we construct an invariant measure /x as an intersection of 
closed currents. We show that this measure is mixing and gives no 
mass to pluripolar sets and to sets of small Hausdorff dimension. 

MSC: 37F, 32H50, 32Q, 32U. 
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1 Introduction 

Let (X,uj) be a compact Kahler manifold of dimension k. Let / be a holo- 
morphic automorphism of X. Our purpose is to introduce invariant positive 
closed currents for / and to use them in order to construct dynamically 
interesting invariant measures. 



More precisely we want to construct positive closed (s, s)-currents T 
satisfying a functional equation 



f*T = AT, A > 1, 

and some additional regularity properties. Very likely, the currents T will 
describe the distribution of invariant manifolds of codimension s correspond- 
ing to the smallest Lyapounov exponents. 

Let dp denote the dynamical degree of order p of /. It describes the 
growth under iteration of the volume of p-dimensional manifolds. When 
d\ > 1, it is natural to introduce first a positive closed (1, l)-current as 

Tl := lizn 

n~ >oo d™ 

Unfortunately, this limit does not always exist, as holomorphic automor- 
phisms of tori show. 

However, for Henon maps in C 2 or for algebraically stable meromorphic 
self-maps of P fc the limit exists and was studied extensively. See the intro- 
duction of ^ E3] for historical comments. The limit T\ is called the Green 
current. For holomorphic endomorphisms of P fc , the self- intersection T k is 
well defined and gives an invariant measure. 

In the context of polynomial automorphisms / of C 2 having positive 
entropy, the second author has defined, using the intersection of the Green 
currents of / and / , an invariant probability measure which turned out to 
be dynamically interesting. It, as well as the Green current, was extensively 
studied by Bedford-Lyubich-Smillie P and by Fornaess and the second 
author |22ll23]. 

Cantat [H] has adapted some of the constructions from the study of 
Henon maps to the context of automorphisms of K3 surfaces (see also |28|). 
The striking fact in this case is the existence of automorphisms of positive 
entropy for some K3 surfaces J3H1 El IM] • 

Given a holomorphic automorphism or, more generally, a bimeromorphic 
self-map of a compact Kahler manifold of dimension k > 3, constructing 
interesting invariant measures is a delicate process. The case of some classes 
of polynomial automorphisms of C fc is considered in |35| I3f)j . The same 
difficulty arises for meromorphic self-maps whose topological degree is not 
the largest of the dynamical degrees, see I2H1 E]- In this case, the 
cohomology class [T\] k is zero in the cohomology group 7i k,k (X, M). Hence 
we cannot construct an invariant measure as the self-intersection of the 
Green current T\, 
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In this paper, we focus on the question of constructing invariant currents 
and invariant measures for automorphisms of compact Kahler manifolds. We 
consider first automorphisms to avoid some technicalities. Some of the re- 
sults can be extended to holomorphic maps, to non singular correspondences 
and to birational maps [T5] . 

When d\ > 1, we consider the convex cone T± of positive closed (1,1)- 
currents T\ with bounded potentials such that f*T\ = d\T\. We will show 
that this cone is closed, finite dimensional and not reduced to zero. More- 
over, every current in T\ has a Holder continuous potential. An element 
of Ti is called a Green current of bidegree (1, 1) (see jSJ HH] for the case of 
surfaces) . 

To construct invariant currents of higher bidegree, we start with a posi- 
tive closed current T of bidegree (s, s) satisfying 



We introduce the cone T(T) of positive closed (s + 1, s + l)-currents T A S 
such that TAf*S = Xi(T)TAS where S is a closed (not necessarily positive) 
(1, l)-current with a continuous potential and 



The number Ai(T) appears as a dynamical degree with respect to T. When 
Ai(T) > 1, we show that T(T) is a closed, finite dimensional, convex cone, 
not reduced to zero. This requires the introduction of cohomology groups 
with respect to T. We also prove that T(T) is unchanged if we consider only 
currents S with Holder continuous potentials. In this approach, we use an 
inductive procedure, and at the step s we replace the complex manifold X 
by the (s, s)-current T. 

When d\ is strictly larger than the other dynamical degrees of /, using 
/ and we can construct invariant positive currents as an intersection 
of closed (1, l)-currents. We first construct the current T\ such that f*T\ = 
d\T\ as above. We have f*T\ = d^ l T\. We then construct (1, l)-currents 
Si, 1 < i < k — 1, with Holder continuous potentials such that the currents 
Ti A Si A ... A Si are positive, closed and satisfy 

/*(Ti A Si A ... A Si) = CiTi A Si A ... A for some a > 0. 

In this case, we can show, at each step, that for the automorphism / , 
the dynamical degree Ai(Ti A Si A ... A Si), with respect to the current 



f*T = X T T, A T > 0. 




l/n 
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T\ A Si A . . . A Si, is strictly larger than 1. The measure \x := Tfc is invariant, 
mixing and gives no mass to pluripolar sets and to sets of small Hausdorff 
dimension. 

In the general case, the method breaks down because the hypothesis 
on Ai(T) is not easy to check. Therefore, we introduce a second method 
for constructing directly an invariant current of bidegree (s,s), under the 
assumption d s > d s -\. The current we construct is PB and satisfies 

f*T = d s T. (1) 

Note that if a current T is PB, it is weakly PB, i.e. q.p.s.h. functions are 
integrable with respect to the trace measure T A uj k ~ s (see Section 2.1 for 
details). The method uses a dd c '-resolution as already used by the authors in 
various contexts [THl CE1 E] • We have to use complex analysis, i.e. estimates 
for the solutions of the dd°-equation (Proposition 2.1). This permits one to 
control the growth of (/")*$, where $ is a test form. The delicate point in 
the construction is to obtain a PB current. See also [201 for another new 
method. 

The method permits one to prove that T is almost extremal, i.e. T 
belongs to a finite dimensional extremal face of the cone of positive closed 
currents. 

To construct an invariant measure //, we assume that the dynamical 
degrees of the automorphism / are distinct. Then the Khovanskii-Tessier- 
Gromov concavity theorem implies the existence of an m such that 

1 < di < ■ ■ ■ < d m > d m+1 > ■ ■ ■ > d k = 1. 

The measure \i is then obtained using the first method for f^ 1 but start- 
ing with T m . Therefore, Li is a wedge product of T m with closed (1,1)- 
currents with Holder continuous potentials. We can choose T m so that ll 
is mixing and has positive Hausdorff dimension. Observe that according to 
Yomdin-Gromov JHE1 E2E El EE] the topological entropy h(/) of / is equal 
to max log di. Hence, the PB current T m satisfies f*T m = exp(h(/))T m . 

The classes of PC and PB currents, which we introduce, are of interest 
since they allow to define the product of currents of higher bidegree. We 
will come back to this subject in a furture work. 

Many questions concerning Green currents and the measure \x are not 
studied here for instance: distribution of periodic points with respect to fj,, 
entropy of fx, approximation of the Green currents by stable leaves... If X 
is projective, the first author has proved that T m is weakly laminar |12j . 
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The classification of manifolds of dimension > 3 with automorphisms of 
positive entropy is also an interesting problem. In dimension 2, many exam- 
ples are given in |33l Irfl l3*l| . Mazur's examples can be extended to dimension 
> 3. 

Mazur's examples. Let X be a smooth hypersurface of degree 2 of 
pi,fc+i ._ pi x . . . x pi + \ factors). Let m, 1 < i < k + 1, denote 
the k + 1 projections of X on the product of k factors of P 1 ' fc + 1 . Assume 
that all 7Tj are finite. Then, each fiber of 7Tj contains exactly 2 points z, 
z' . We can define an involution Tj by z i— ► z' . The group generated by t% 
contains dynamically interesting automorphisms. 

One can construct other examples by taking products of manifolds or the 
projectivization of their tangent bundle. The dynamics of these examples 
is however non trivial. It is used in ^2] to get information on laminarity of 
currents. Examples on tori explain some of the difficulties that we have to 
overcome in the general case. Our results extend to non singular correspon- 
dences (see (321 P-337] and [HEZl^DE] for definitions and examples). 

2 Currents and groups of cohomology 

A holomorphic automorphism / of X induces an invertible linear self-map 
on groups of cohomology. We will use this action of / in order to construct 
invariant currents. We introduce classes of currents with some regularity 
properties. 

We will write u n ~ v n for ]imu n /v n = 1. The notation u n < v n means 
limsup \u n /v n \ < +cx), the notation u n ~ v n means u n < v n and v n < u n , 
with the convention that ~ 0, < and ~ 0. For (x,y) and (x',y') in 
M 2 , we write (x, y) < (x',y') if either x < x', or if x = x' and y < y'. The 
sign || || denotes either the the mass of currents, the norm of a vector, or of 
a linear operator. The sign [ ] denotes a cohomology class of a closed current. 

2.1 PC, PB and weakly PB currents 

We refer to the survey by Demailly |Hj for the basics on currents in complex 
analysis. Demailly's survey on Hodge theory 9 S is also useful. We however 
recall a few facts. 

When (X,uj) is a compact Kahler manifold of dimension k, a current 
T of bidegree (s,s) is a continuous linear form on T) k ~ s,k ~ s (X) - the space 
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of smooth forms of bidegree (k — s,k — s). In a coordinate chart, T can 
be expressed as a differential (s, s)-form with distribution coefficients. A 
{k — s,k — s)-form $ is weakly positive if at every point z € X 

<f> A ia\ A Si A . . . A ia s A a s > 

for every (l,0)-form ay of X. The current T is called (strongly) positive 
if (T, $) > for every weakly positive test form The space of currents 
is given the weak topology of currents. In particular, positive currents are 
currents of order zero. The trace measure o~t associated to a positive current 
T is defined as <tt := w^y T A u> k ~ s . The measure ax is positive and the 
coefficients of T in a chart are measures which are dominated by co~t, c > 0. 
We will denote by ||T|| the mass f x T A uj k ~ s of T. 

The calculus on differential forms extends to currents, except for the 
pullback by a holomorphic map, which is not a submersion. It is always 
delicate to define the wedge product of two currents. However when u G 
L 1 (or), for example if u is bounded, one can define dd c u A T := dd c (uT). 
The continuity properties of this operator depend on the properties of u [S]. 
Recall that d = d + d, d c = ^{d — d) and that dd c = ^dd is a real operator. 

Let T be a positive closed (s, s)-current, and S be a closed (1, l)-current 
not necessarily positive. Since X is Kahler, by Hodge theory, we can write 
S = a + dd c u, where a is a smooth form cohomologous to S and u is a (0, 0)- 
current. We say that u is a potential of S. Observe that two potentials of 
S differ by a smooth function. When u is a ^-Holder continuous (resp. 
continuous or bounded) function, we say that S has a v-Holder continuous 
(resp. a continuous or bounded) potential. It is clear that this is independent 
of the choice of a. For a current S with a continuous potential, we can define 
T A S by T A S := T A a + dd c (uT). When 5 is positive, we can choose u 
upper semi-continuous. In this case, if u is bounded, we can define T A S in 
the same way. 

A real (p, p)-current $ on X is called DSH if <I> = <I>i — $2 and dd°$j = 
0^ — il~ where ^ are negative currents, and S}f are positive closed currents. 
We define the DSH-norm by 

||$||dsh := inf {||$i|| + ||$ 2 || + ll^ll + ||^2"ll> ^ as above}. 

Observe that = ||fi7||, and we can choose <E>j and such that 

II^IIdsh = ||$i|| + ||$2|| + \\ttf\\ + ||ft 2 ||- Denote by DSH P (X) the space 
of DSH (p,p)-currents. This is our space of test currents. A current is in 
DSH (A) if and only if it is a Difference of q.p.S.H. functions. 
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Recall that an L 1 function (p : X — > RU{— 00} is quasi-plurisubharmonic 
(q.p.s.h. for short) if it is upper semi-continuous and dd c ip > —ecu, c > 0, 
in the sense of currents. A set E C X is pluripolar if it is contained in the 
pole set {ip = —00} of a q.p.s.h. function (p. 

A topology on DSH P (A) is defined in the following way: — > in 
DSIP(X) if -> $ weakly and if (||$ (n) ||dsh) is bounded. 

Let T be a current of bidegree (s, s) and of zero order. We say that T is 
PC if it can be extended to a continuous linear form on DSH fc_s (A), and we 
write (T, $) for the value of this linear form on $ G DSH fc ~ s (X). In [IB], we 
proved that every current in DSH fc ~ s (A) can be approximated by smooth 
forms. Then, the extension of T is unique. Moreover, when $ is continuous 
(T, $) coincides with the usual integral |181 Prop. 4.6]. 

We say that T is PB if there exists a constant > such that 

|(T, $)| < ctII^Hdsh for every DSH continuous (k — s,k — s)-form <I>. 
The current T is called weakly PB if 

\(T, ipu k ~ s )\ < +00 for every q.p.s.h. function <p on X. 

Observe that T is weakly PB if and only if the measure TAcu k ~ s is weakly 
PB. If a positive current T is (weakly) PB, then every positive current T 1 
such that T" < T, is also (weakly) PB. We can show that if T is a positive 
weakly PB current, then |(T, <pu) k ~ s )\ < ct(1 + II^IIl 1 ) fo r some constant 
ct > and for </? q.p.s.h. such that dd c c/? > —a; (see JH] or Proposition 2.2). 

In we showed that a positive measure /z on a Riemann surface 
admits locally a Bounded Potential if and only if, locally p.s.h. functions 
are /i-integrable. This justifies the term PB (see also Proposition 2.2). 

The following result is useful in constructing PC and PB currents. It 
supplies the fact that when £l~ is a smooth form cohomologous to a positive 
closed current one cannot find, in general, a negative form $ solving 
dd c <& = £l + — . A counter-example can be founding in [I]. 

Proposition 2.1 There exists a constant A > so that for every pair of 
positive closed (k — s + l,k — s + \)-currents on X with = 
there are L 1 negative (k — s,k — s)-forms $ such that 

dd c $ + - dd c §- = Q + - Q~ and ||$ ± ||dsh < ^||^ + ||- 

Moreover, the DSH currents <3? =l= depend continuously on Q^. If $7^ are 
continuous, then are continuous. 
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Proof. Analogous problems are considered in ^S] and other aspects of the 
following computation are detailed there. By Hodge theory [23], we have 

n k ' k (x x x,c) ~ Yl n p ' q (x,c)®cn p '> q '(x,c). 

p-\-p' =k 
q + q' — k 

Hence, if A is the diagonal of X x X, there exists a smooth real (k, /c)-form 
a(x, y) on X x X, cohomologous to [A] with d x a = d y a = 0. Following 
Bost-Gillet-Soule |24l H] . one can construct a (k — l,k — l)-form K(x,y) on 
X x X such that dd c K = [A] — a. We recall the construction. 

Let ir : X x X — > X x X be the blow-up of X x X along A. It follows 
from a theorem of Blanchard [5] that X x X is a Kahler manifold. Let A := 
7r _1 (A) be the exceptional hypersuface. Choose a negative q.p.s.h. function 
cp on X x X such that 7 := — dd c ^ + [A] is a smooth form cohomologous to 
[A]. We can choose |241 1.3.6] a smooth closed real (k — 1, k — l)-form 77 on 
X x X such that Tr*a is cohomologous to [A] A 77, hence to 7 A r/. It follows 
that there is a smooth real (A;— 1, k— l)-form j3 such that dd c /3 = —^Ar]+7r*a. 
Define 

K(x,y) := 7r*(v??7 - (3). 

We have 

dd c if(x, y) = tt*([A] A 77 — vr*a) = tt*([A] A 77) - a. 

The (A:, /c)-current 7r*([A] Ajj) is closed, of order zero and supported on A. 
Hence, it is a multiple of [A]. Moreover, 7r*([A] A 77) is cohomologous to 
[a] = [A]. It follows that tt*([A] A rj) = [A] and dd c i<C = [A] - a. 

Since the forms 77 and (5 are smooth, we can write rj := rj + — r}~ and 
(3 := (3 + — f3~ with positive closed smooth forms 77 =t and negative smooth 
forms j3^. Define := ^^{(pri^ + (3^). These forms are negative and we 
have K = K + —K~. Moreover, there exist constants with c + —c~ = 1 and 
closed real (k, fc)-forms 6 ± on X x X such that dd c i^ ± = G ± + c ± [A]. Let 
\x — y\ denote the distance between two points x and y of X with respect 
to the Kahler metric on X. One can check that K^, are smooth on 
XxI\A and 

^(x, y) = 0{\x- y\ 2 ~ 2k log \x - y\), 6 ± = 0(|x - y\ 2 ~ 2k ) 

when (x,y) — > A. This allows one to define 

$ + (x):=/ K + (x,y)AQ + (y)+ [ K~(x,y) A Sl~{y) 
Jyex JyeX 
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$"(x):=/ K + (x,y) Afl-(y)+ / r(i,y)Afi+(y). 
Since dd c AT = [A] — a, d y a = 0, and f] + — fi _ is exact, we have 

dd c $+(x)-dd c $-(x) = f (dd c ) x K(x,y)A{n + (y)-fl-(y)) 

Jyex 

= [ dd c K(x,y)A{n + (y)-n-(y)) 
Jyex 

= fi+(x) - n~(x) - [ a(x, y) A - JT (y)) 

Jyex 

= n + (x)-n~(x). 

The description of the singularities of implies that ||<& % 
that $ ± depend continuously on J7 ± and that are continuous when D, 
are continuous. We can also write as differences of positive closed forms, 
smooth on X x X \ A, with singularities of order 0(\x — y\ 2 ~ 2k ). It follows 
that II^Hdsh < ||^ + ||. □ 

Proposition 2.2 Let T be a positive (s, s)- current on X. IfT is PC, then 
T is PB. If T is PB, then it is weakly PB. A positive measure [i on X is 
PB if and only if it is weakly PB. 

Proof. Let $ n be continuous forms with ||$ n ||DSH = 1- If c n := \(T, $> n )| 
tend to +oo, then c" 1 ^ converge to in DSH fe_s (X), and \(T, c^ 1 ^)] 
converge to 1. Hence, T is not PC. 

Assume now that T is PB. Let ip be a strictly negative q.p.s.h. function 
on X such that dd c p > —u>. We have to show that (T, ipuj k ^ s ) > — oo. 
Following a theorem of Demailly ,f0| , there exists a decreasing sequence of 
smooth negative functions (</? n ) with limit tp, which satisfy dd c ip n > -cjw 
where cx > is a constant. We then have 

|(r,^ fc - s }| = lim|(T,^ n c/- s }| < limsup|[^ n a; fc ^||DSH < \\<p\\v- + 1 - 

Hence T is weakly PB. 

Now, assume that fi is a weakly PB probability measure. We show 
that it is PB. If not, there would exist continuous functions p n such that 
IIVnllDSH = 1 an d ((J,,ip n ) > n 3 . We can write dd c p n = 0+ — U~ where 

are positive closed (1, l)-currents such that < 1. Since the set 

of such currents is compact, there exist smooth forms Q n , cohomologous to 

such that Q n < cu>, where c > is a constant independent of n. There 
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exist q.p.s.h. functions ip^ satisfying dd c ifn = &n ~ an d maxj ip^ = 0. 
The family of q.p.s.h. functions ip such that maxj ip = and dd c ip > —cu is 
compact in L 1 (X). Hence there is a constant A > such that ||^||dsh < ^4- 
Define c n := (p n — (p+ + ip~. We have dd c c n = 0. Hence c n is a constant and 
l c n| ^ II'AiIIl 1 + \\v>n IIl 1 + ll^n IIl 1 < 1 + 2 A We then deduce, since ip+ < 0, 
that 

(M. VrT) = -<M, Vn) + c„ + {n, tp+) <~n 3 + l + 2A. 

It follows that = — oo if 93 := X^ n ~ 2( ^n- This is a contradiction 

because the series Yl n ~ 2i Pn converges to a q.p.s.h. function. □ 

2.2 Some properties of linear maps 

Recall that a Jordan block J\ m is a square matrix (ai,j)i<i,j<m such that 
dij = A if i = j, a,ij = 1 if j = i + 1 and = otherwise. If A 7^ 0, the entry 
of index (l,m) of ■/" m is equal to ( m ™ 1 )A n_Tra+1 . This is the only entry of 
order n m_1 |A| n , the other ones have order at most n m ~ 2 |A| ra . We have 

II T n II I 1 I \ in—m+1 „m— lixin 

l|J *. JI ~U-v' 1 ~ 

The eigenspace of Jx i?n associated to the unique eigenvalue A is a complex 
line. 

If E, E' are real (resp. complex) vector spaces, denote by End(£', E') 
the space of M-linear (resp. C-linear) maps from E onto E' . When E and 
E' are real vector spaces, we have 

End(£, E') © R C = End(£ ® R C, £' © R C). 

Hence, we can identify End(E', E') with a real vector subspace of End(i?(g) R 

c,e' © R c). 

Consider a complex space E and an invertible linear map A € End(.E, E). 
The space -E is the direct sum of the invariant complex subspaces E = 
E\ © • • • © E r with dim Ei = rrii. The restriction of A to E; L is defined by 
a Jordan block J\ urrH - We can assume that (|Ai|,mi) > • ■ ■ > (\X r \,m r ). 
Let Fi denote the eigenspace of Aig.. It is a complex line. Let E[ be the 
hyperplane generated by the first (mj— 1) vectors of the basis of Ei associated 
to the Jordan form. 

We say that J\ u m x is dominant if (|Aj|,mj) = (|Ai|,mi). In which case, 
we say that A« is a dominant eigenvalue of A. Assume that J\ imi , ■ ■ ., 
J\ v ,m„ are the dominant Jordan blocks. It is clear that ||A n |j ~ n mi_1 |Ai| n 
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and that for any vector v g E[ © • • • © E' v © E u+ \ © • • • © E r , we have 
\\A n v || ~ n mi_1 |Ai| n . The positive number A := |Ai| is the spectral radius of 
A. The integer m := m\ is called the multiplicity of the spectral radius. 

We say that F := F\ © ■ ■ ■ © F v is the dominant eigenspace and that 
F' := ©Fj with 1 < i < v, Aj = A, is the strictly dominant eigenspace 
of A. These spaces are invariant under A. For any 1 < j < v, there 
is a unique 9j G S := R/27rZ such that Aj = Xexp(i9j). We say that 
9 := . . . , 0„) G is the dominant direction of A; the dominant direction 
of A n is equal to n0. Denote by the closed subgroup of §> u generated by 
9. It is a finite union of real tori. The orbit of each point 9' G G under the 
translation 9' i— > 9' + is dense in 0. If Aj = A for every 1 < i < v, we have 
F = F', 9 = and 6 = {0}. 

For every linear map L = (Li, . . . , L r ) in 

End(£, £) = End(£, £7i) © ■ ■ ■ © End(£, £? r ) 

let 

exp(— in9)L := ( exp(— in9\)L\, . . . , eyLp(—in9 u )L u , L v+ i, . . . , L r ) . 
We also define 

A n 1 N 

A n := r— and A' N := — > Aj. 

n=l 

Let 7r : F — > F' denote the canonical projection. The proof of the follow- 
ing proposition is left to the reader. One can deduce it from the proof of 
Proposition 2.4 if we take K = E and u = g = id. 

Proposition 2.3 There exists a unique linear map : E — ► F such that 

|| exp(-m6»)A n - Aooll = 0(l/n) and \\A' N - tt o A^H = 0(logiV/iV). 

Moreover, ir o Aoo is of rank dim F' . If A preserves a convex cone K, which 
generates E and satisfies —K, fl /C = {0}, then X is a dominant eigenvalue 
of A with an eigenvector in K. 

The last property of Proposition 2.3 is the Perron-Frobenius Theorem. 

Proposition 2.4 Let K be a metric space, and let u : K — ► E be a v- 
Holder continuous vector-valued function. Let g : K — ► K be a Lipschitz 
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map such that \g(x) — g(y)\ < M\x — y\ where M > 1 is a constant. Assume 
that the spectral radius X of A is strictly larger than 1. Define 



n" 



1 _• 1 N 

— — — > A J ' o u o q n ~i and wn '■= — > v n . 

-l\n / j 3 N J 

j=l n=l 

Then there exist vector-valued functions v and w on K such that 

|| exp(— in6)v n — v ||oo = 0(l/n) and \\wn — Hloo = 0(log N/N). 

Moreover, v and w are u' -Holder continuous for every v 1 > with v 1 < v 
and v' < log A/ log M. 
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Proof. We can assume that the matrix A of A is the Jordan matrix J, 
with rj = exp(z#)A and 9 G R/27rZ. Every entry of A n is of order at most 
n m ~ 2 X n except the one of index (l,m) which is of order n m ~ 1 X n . Since the 
functions u o g n are uniformly bounded, every entry of A n , whose order is 
smaller or equal to n m ~ 2 X n , does not contribute to limv n or limu^. This 
follows from the estimate Y^=o j m ~ 2 A- 7 < n m ~ 2 X n for A > 1. Hence we can 
suppose that all the coordinate functions of u are zero except the last one. 

Let u + be the last coordinate function of u. Define := u + o gi for 
j > and Sj := ( m "L 1 )f7"'~ m+1 for j > m — 1 with the convention that 
(q) = 0. The first coordinate functions of v n and w n are 



1 n 



and w 



N 



j=m-l 



1 N 

■=-y v + 



n=l 



It is sufficient to study the sequences of functions and (w^). 
We show first that \\v^ +l — exp(i#)f + < n~ 2 . Observe that 



< 



|« + ||oo and 



■>j,n ■- 



s j+i 



n Sj 



(n + \)m-l\n+l n m-lyn+l 



< 



n 



j + 1 



n 2 X n ~i 



Hence 

K+i ~ exp(i^)v+ 
1 



in + \)m~l\n+l 



1 



< 



j=m-2 
-l|||^_ m+ 2lloo 



n 



m-lXn+l XT T l S j U n~j 
j=m—l 



(n + l)m-l\n+l 



j=m-l 



,+ II < _-2 
*n-J MOO rvj 
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Thus, the sequence exp(— in9)v£ converges uniformly to a function v + and 
||exp(-m6>)t>+-t; + || 00 = 0(l/n). It follows that Ww^-w+Woo = O (log N/N) 
with w + = if 9 ^ and w + = v+ if 9 = 0. 

We only have to prove that v + is Holder continuous. We will use the 
additive notation for the distance on K. Let x,y € K and 5 := \x — y\. 
First, consider the case where v = log A/ log M, so A = M u . Since u + is 
i/-H61der continuous, there exists c > 0, independent of x, y such that 

\u + og j (x) - u + og j (y)\ < c\g J (x) - g 3 (y)\ u . 

Hence 

\u + o gi(x) - U + o gi(y)\ < cM ju 5 U . 

We also have \u + o gi(x) — u + og : >(y)\ < 2||n + || 00 . Let q be the integer part 
of — log 8/ log M. We have the following estimates: 

1 n 

K(x)-vt(y)\ < s j \u+og^(x)-u + og^(y)\ 

j=m-l 

1 H 

$ ^m-T^n E j m - 1 X j \u + og^(x)-u + og^(y)\ 
j=m-l 

oo 

~ E A °f J ( x ) ~ n+ °9 J (y)\ 

3=0 

q oo 

< j]A-W+ ^ A"' 

< ^ + A-«<-(log^. 

Consequently, |i^"(x) — < (5"'. In the limit, we get \v + (x) — v + (y)\ < 

\x — y\ v . This is the required inequality. 

The case where v > log A/ log M is derived from the case v = log A/ log M. 
If f < log A/ log M, we have M" < A. In the same way, we obtain 

oo 

K(x)-v+(y)\<J2^ j M j ^<6r 

3=0 

□ 



2.3 Action on cohomology groups 
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By Hodge theory we have the decomposition 



n n {x,c) = ^ p,9 (^ 



p+q=n 

where H p ' q (X, C) is the subspace of 7i n (X, C) spanned by classes of closed 
(p, g)-forms. The group H p ' q (X, C) is isomorphic to the Dolbeault coho- 
mology group of bidegree (p, q). We also have H p ' q (X,C) = H q > p (X,C). 
Define 

H P *{X, R) := H P ' P (X, C) n H 2p (X, R). 

Then 

H P > P (X, C) = ?F' P (X, M) ® R C. 

The Kahler cone Kx of H > (X, R) is the cone of classes of Kahler forms on 
X. In what follows, K* x will denote the cone of classes of positive closed 
(1, l)-currents. These cones are convex; Kx is open; K* x is closed. We also 
have Kx C K* x and (— K x ) PI /C^ = {0}. 

We will construct some invariant currents by induction starting from an 
invariant current. It is necessary to introduce cohomology groups relative 
to a positive closed current: the manifold X is replaced by a current T. Let 
T ^ be a positive closed current of bidegree (s, s) with < s < k — 1. For 
any 1 < p < k-s, let iV p ' p (T,R) denote the space of classes [a] € W P ' P (X,R) 
which satisfy 

[T]A[a] =0 in W P+S ' P+S (X, R). 

Let NC' (T,R) denote the space of classes [S] where S is a closed (1,1)- 
current (not necesarily positive) with a z/-H61der continuous potential such 
that T A 5 = 0. Define 

R^ - and W^T R) - 

W (T ' M) -iV P . P (T,R) ^ (T ' M) -Ary ( T,R)- 

The map ?r T : H P ' P (T,R) — ► ?F+ S 'P+ S (X, R), given by [a] i-> [T] A [a], 
is injective. Hence \\[T] A .|| is a norm on Tt p ' p (T, R) if ||.|| is a norm on 
H P+S ' P+S (X,R). 

Let / be a holomorphic automorphism of X such that f*T = XtT where 
A T > is a constant. We define the map /* on H P ' P (X,M.) and H P ' P (T,R) 
by f*[a] = [/*(«)] for every closed (p, p)-current q on X. Let 

X p ,n(T) := A T "||[(r)*(TA^)]|| = || [T A (fT^] II 
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and 



Ap(T) :=limsupA p , n (T) 1/n = limsup( / T A (/ n )*^ P A k/^V . 

n—*oo n—>oo \J X J 

Observe that X P {T) depends neither on the Kahler form u nor on the norm 
|.| on 7i p+s ' p+s (X, R). The following proposition follows from the discussion 
on Jordan forms for linear maps and from Proposition 2.3 (see also |17(ll8j). 



Proposition 2.5 Let X , f and T be as above. Then, X P (T) is the spectral 
radius of f* on Tt p ' p (T,M). If l p (T) is its multiplicity, then 

\ Pjn {T)~n l *^- l \ p {T) n . 
In particular, \ p ^ n (T) l / n converge to X P {T). 

Proposition 2.6 Let X, T, f be as above. Then for every p\ > 1 and 
P2 > 1 such that pi + p2 < k — s, we have X Pl+P2 (T) < X pi (T)X P2 (T). In 
particular, Xi(T) p > X P {T) for 1 < p < k - s and Ai(T) fc ~ s > Ay 1 . 

Proof. Propositions 2.3 and 2.5 imply the existence of [ai] € TC P1,P1 (T, R), 
[a a ] G H P2 > P2 (T,R) such that 

'aij and m — — > [a 2 \. 



n l ^- l X Pl {T) n L J n l P2(T)-i Xpi (T) n 
Hence 

[(f n )*U Pl+P2 } r , A r , 

^ 1 (T)+i P2 (T)-2 Api(r)nAp2(T) « [a 2j 

in 7^pi+P2iPi+P3(J', R). On the other hand, there exists a non-zero class 
[a] G ftPi+P2>Pi+P2(T,R) such that 

[(r) * wP1+P2] 

* [a]. 



n « P1+P2 (T)-l Api+p2(T)n 



The property that [a] ^ implies that A Pl+P2 (T) < X Pl (T)X P2 (T). 

The inequality Xi(T) p > X P (T) is clear. Since / is an automorphism, 
the mass of the measure (f n )*(T A u k ~ s ) is equal to the mass of T A u k ~ s . 
Thus, X T X k - s {T) = 1 and Ai(T) fc - s > A fc _ s (T) = A- 1 . □ 
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The space TL V ' (T, R) is invariant under /*. Let p v (T) denote the spectral 
radius of /* on 7i u ' (T, M.) and m v (T) its multiplicity. Since 
iV^^R) we have 

(Ai(T),Zi(T)) < { Pv {T),m v (T)). 

We will prove later (see Lemma 3.3) that if Ai(T) > 1, and if v is small 
enough, then the last inequality is in fact an equality. 
When T is the integration current on X, we define 

d P ,n := ||[(/T^]II and d p := lim ty^. 

n^oo 

We also have 

d p = lim U(f n )*uP Au k -A 1/n . (2) 

The numbers d p are called the dynamical degrees of /. The last one dt ■= d^ 
is the topological degree of / which is equal to 1 because / is an automor- 
phism. It is noticed in [55] that an inequality of Khovanskii-Teissier-Gromov 
shows that p t— > log dp is concave, hence the sequence (d p -i/dp)i< p <k is in- 
creasing [311 1361 12*7] . In particular, there exist m, m' , l<m<m'<k — 1, 
such that 

1 < d\ < ■ ■ ■ < d m = ■ ■ ■ = d m i > • • • > dk = 1. 

From Proposition 2.5, we know that d p is the spectral radius of /* acting 
on Ti p ' p (X, R). Let l p denote its multiplicity. Since /* preserves the cone of 
classes of positive closed (p, p)-currents, by Proposition 2.3, d p is a dominant 
eigenvalue of /* on H P ' P (X,R). The relation 

f (f)VAw fc - p = f u p A (f n )*u k ~ p 
Jx Jx 

implies that the spectral radius of /* on H k ~ p,k ~ p (X, R) is also equal to d v 
and its multiplicity is equal to l p . 

According to the Gromov-Yomdin theorem, the topological entropy h(/) 
of / is equal to maxi< p <fc log d p (2H1 EH El HH ■ I n particular, if h(/) > 0, 
we have maxd p > 1. It follows from Proposition 2.6 that d\ > 1. It is shown 
in |15j that the map which associates to a holomorphic endomorphism of X 
its topological entropy has discrete image in [0, +oo[. It is well known that 
if / belongs to the component of the identity in the automorphism group of 
X, then h(/) = 0. 
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3 Relative Green currents 

Let / be a holomorphic automorphism of a compact Kahler manifold (X, to) 
of dimension k. Let T be a positive closed (s, s)-current, < s < k — 1, 
on X, which satisfies a relation f*T = XtT, At > 0. When s = 0, T is a 
multiple of the integration current on the manifold X and At = 1. Define 

M n : = HD/loo and M : = lim AfV» 

n^oo 

where D/ n is the differential of f n . The constant M is independent of the 
metric on X. 

Assume that Ai(T) > 1. Let T(T) denote the cone of (s + l,s + 1)- 
currents T A S where S is a closed (1, l)-current (not necessarily positive) 
satisfying the following properties: 

1. S has a z/-H61der continuous potential for every v such that < v < 
log Ai (T)/ log M; 

2. T A 5 is a positive current; 

3. T A f*S = X±(T)T A S. 

We will denote by KT(T) the real space generated by T(T). We can now 
describe F(T). 

Theorem 3.1 Let X, T and f be as above. Assume that Xi(T) > 1. Then, 
T(T) is a closed finite dimensional cone with non zero elements. Let R be a 
closed real (1, \)-current with a continuous potential. Then, the sequence of 
currents 

1 A T A (f n )*R 

n h(T)-l\ ( T )n 
n=l v ' 

converges to a current in MT(T), which depends only on the class [R] in 
H^iX,®). If [R] belongs to K x , the limit current belongs to T(T) \ {0}. 

Fix v such that < v < log Ai (T)/ log M. Replacing / by f n with 
n » 0, we can assume that < v < log Ai(T)/log M\. Let m be the 
largest integer such that [to], [f*to], • . ., [{f" 171 ^ 1 )*^] are linearily independent 
in Hi ,1 (T,R). Then there exist real numbers do, . . ., a m _i such that we 
have in Til' (T,R) 

[(ryw]=am-i[(f m - 1 Yu} + --- + aoH 
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Let SbethesubspaceofT^/^R) generated by [u], . . ., (/ m_1 )*[u;]. These 
m classes form a basis B of E and .E is invariant under /*. Denote by A the 
restriction of /* to E. The notations 6, 6', 0, p u {T), m v (T) were introduced 
in Section 2. 

The matrix of A with respect to B is 





f ° 


•• 


• 


a 


\ 




1 


•• 


• 


ai 




A := 





1 • • 


• 








V o 


•• 


• 1 


O-m-l 


) 



Since E contains a Kahler class, the spectral radius of A and of A are equal 
to p v (T) > Ai(T) > 1. Moreover, their multiplicities are equal to m v (T). 
We have 

||A n || = \\A n \\ ~ n m »^- 1 Pv (T) n . 

Lemma 3.2 There exist a closed (1, l)-current S and a continuous family 
of closed (1, l)-currents Sg> with v -Holder continuous potentials, for 9' £ 0, 
such that T A S ± 0, T A S e > + 0, T A /*5 = #,(T)T A S and T A f*Sg, = 
p u {T)T A Se' + g. Moreover, the sequences of positive closed currents 

~ 1 A TA(f n )*uj T A (f ni )*uj 

converge toT AS and to T ASq/ when N — > oo and nj — > oo respectively 
Ui9 — > 0'. /n particular, if 6 is reduced to one point, Z n converge to T AS. 

Proof. From the definition of Tii'^T, R), there exists a (1, 1) -cur rent i? 
with a ^-Holder continuous potential such that T A R = and 

TO 

Hence, there exists a ^-Holder continuous function u such that 

m 

(/m)* w _ ^ am _.(/— = R + dd c u . 
3=1 



= [R] in H 1A (X,R). 
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Then 



Define 



ta (rr^-E< 



■m -j 



(/ 



m—j\* 



T A dd c u. 



/ \ / \ 

and J7 : = 



(/ 

V (/ 



n+rrt— 2\* 



n+m— 1\* 





W 



Then W n+ i = f*W n and T A W\ = T A BW + T A dd c C7 where B is the 
transpose of A. By induction, we obtain 



T A W n = T A [ B n W + dd c ^ B j ~ 1 U o f 

j'=i 



Define 



and 



n m,(T)-l pi/ ( T )r 



n m,(T)-l p!y ( T ) 



- B n ^ + dd c ^ B'" 1 */ o /»" 



Denote by VF n and V* the first components of W n and of V^. We have 
[W^] = [V+] in Ht' (T,R). Proposition 2.3 implies that the sequence of 
classes [W^] is bounded. Moreover, since a; is a Kahler form, any cluster 
point of of this sequence is a non-zero class. 

Propositions 2.3 and 2.4 imply that when (rii9) converges to 9', the 
sequence V£ converges to a current Sqi with a ^-Holder continuous potential. 
Moreover, Sqi depends on 0' but not on (raj). The current T A Sqi is positive 
and closed. Since [Sqi] ^ in Wj'^T.R), from the definition of nl^i^R), 
we have T A Sqi / 0. It is clear that S$> depends continuously on 9' G 0. 
Since lim(nj + 1)0 = 9' + 9, we have 



T ApS e i - Pv (T)T AS e > +e 



lim 



1 



= ^(T)lim 
= 0. 



f*Z ni ~ Pu(T)Z ni+ i 



n.; 



m 



m„(T)-l 



Zrii+1 — Z 



rif+1 
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Hence, T A f*S e > = Pv {T)T A S e >+e. 

Propositions 2.3 and 2.4 imply that the sequence of currents J2n=i 
converges to a current S which has a ^-Holder continuous potential. We also 
have T A S / because every limit value of (T A V^ ) is a non-zero positive 
current. In the same way, we get T A f*S = p u {T)T AS. □ 

Lemma 3.3 Under the hypothesis of Theorem 3.1, we have 

{p 1/ (T),m„(T)) = (X 1 (T),l 1 (T)) 

for every v such that < v < log Ai(T)/log M. 

Proof. Recall that the map vr : H 1 ' 1 ^,®.) — ► H S+1 ' S+1 (X, R) defined by 
7r([a]) := [T] A [a] is injective. Consequently, the spectral radius of /* on 
Tr^ 1 ' 1 ^,^)) is equal to A T Ai(T) and its multiplicity is equal to h(T). We 
have seen that the sequence of classes 

[(/<«)* (T A u)] 
n™ v{T) - l \^p v (T) n * 

converges to [T A Sg>] in H S+1 ' S+1 (X,R) \ {0}. It follows from Proposition 
2.5 that (p v (T),m v (T)) = (Ai(T),Zi(T)). □ 

Lemma 3.4 With the assumptions of Theorem 3.1, let R be a closed (1, 1)- 
current with a continuous potential such that [R] = X[uj] in TL 1,l (X, R) with 
A G R. Then the sequence of currents 

1 A TA{f n )*R 

N 1^ h(T)-i x r T ,n 
n=l v ' 

converges to XT A S. In particular, the limit is if [R] = in 7i 1,l {X, R). 

Proof. Let u be a continuous function such that R = Xlo + dd c n. We have 

TA(/Tfl T A {f n )*uj ( uoT \ 

nh(T)-i Xl (T) n n^m-iX^T^ \nhm-i Xl (T)™ ) " 

Since the u o f n are uniformly bounded, the last relation implies that the 
sequence of currents 

TA{f n )*R TA{f n )*uj 
nhiT)-i Xl (T) n ~ n'i(r)-iAi(T)" 

converges to 0. It suffices to apply Lemmas 3.2 and 3.3. The proof is valid 
for positive closed with a bounded potential. □ 
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End of the proof of Theorem 3.1. Let lo\, . . ., ujj be Kahler forms such 
that the classes [u>i], [ujj] generate H 1 ' (X, R). We can apply Lemma 
3.4 to the forms Wj. This implies the convergence in Theorem 3.1. 

We now show that dimr(T) < dimTr 1 ' 1 ^, R). Otherwise, there exists 
a non-zero current T A S in RT(T) with [S] = 0. Let u be a continuous 
function such that S = dd c u. We have 

T A s = lim t a crr5 = lim T df = 

Ai(r)» VM^)"/ 

This is impossible. 

Let T^\ . . ., T"( r ) be a maximal linearily independent set in T(T). The 
cone T(T) is equal to the intersection of the space generated by the X"W and 
the cone of positive closed (s + 1, s + l)-currents. Hence, it is closed. □ 

When T is the integration current on X, Propositions 2.3, 2.5, 2.6 and 
Theorem 3.1 imply the following result (see jSl HHj f° r the case of surfaces 
and PI I23| 133] for polynomial automorphisms). 

Corollary 3.5 Let (X,lo) be a compact Kahler manifold of dimension k. 
Let f be a holomorphic automorphism of X, of positive topological entropy. 
Then d\ > 1 and there exists a positive closed (1, 1)- current T\ satisfying 
f*T\ = d\T\. Moreover, the potential of T\ is Holder continuous and the 
class pi] belongs to JCx- 

Remarks 3.6 The construction of invariant currents in Theorem 3.1 is still 
valid if we restrict to an invariant subspace E of TL l,1 {X, R). We have to 
assume that the spectral radius of /* on the projection E' of E in W 1 ' 1 (T, R) 
is strictly larger than 1. The construction gives invariant currents with 
Holder continuous potentials which are not necessarily positive; there is a 
non-zero current if f* E , has a dominant real eigenvalue. In particular, every 
invariant (1, l)-current T with continuous potential such that f*T = XT, 
|A| > 1, has a Holder continuous potential. Let )C b x be the cone of non-zero 
classes of positive closed (1, l)-currents with bounded potentials. If EnK, b x ^ 
{0}, we obtain a positive current with a Holder continuous potential. 

4 Green currents 

Let / be as in Section 3. Recall that d s is the spectral radius of /* on 
TC S,S (X, R). Let l s denote its multiplicity. We consider F s the cone of PB 
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positive closed (s, s)-currents T such that f*T = d s T. Let WT S denote the 
real space generated by T s . For every positive closed (s, s)-current T, define 



C(T) := [S positive closed (s, s)-current, S < cT for some c > 0} 



and RC(T) the real space generated by C(T). Let [ ] denote the map which 
associates to a closed (s, s)-current its cohomology class in Ti s,s (X, C). 

Theorem 4.1 Assume that d s > d s -i. Let S be a PB closed real (s,s)- 
current. Then, the sequence of currents 



converges to a current inWT s which depends only on the class [S] inH s ' s (X,W) 
Moreover, T s ^ {0} and the restriction of [] to RT S is injective. Every cur- 
rent in MT S is PC. If T belongs to T s , then the restriction of [] to MjC(T) 
is injective. In particular, the cones T s and C(T) are finite dimensional 
and closed. If [T] is extremal in the cone of classes of positive closed (s,s)- 
currents then T is extremal in the cone of positive closed (s, s)- currents. 

Proof. Let $ be a DSH (k — s,k - s)-current such that dd c <3? = Sl + - 
where are positive closed (k — s + 1, k — s + l)-currents. Then = [f2~] 
and = ||f2 - ||. Assume that = < 1- Proposition 2.1 

implies the existence of a (k — s,k — s)-form <I>o = $>q — such that 
$o < 0, dd c $ = dd c $ and ||$^||dsh < A. The current fy Q ■= $ - $ is 
dd c -closed. Define := (/ n )*i7 ± . Recall that the spectral radius of /* on 
H k ~ s+1,k ~ s+1 (X, C) is equal to d s _i and that its multiplicity is equal to l s -\ 
(see Section 2). Fix e, < e < d s - d s -i. We have < (d s - e) n . 

Proposition 2.1 implies the existence of (k — s, k — s)-forms <5 n = — <3>~ 
such that dd c $ n = Q+ - fi", $± < and ||$±||dsh < (4 - e) n - If S is 
PB and <E> is smooth or if S is smooth and $ is DSH as above, we have 
\(S, &n) \ (ds ~ e ) n f° r every n > 0. We define by induction the dd c -closed 
form * n as * n := f^ n -i - $n- They satisfy ||*„|| L i < (d s - e) n for n > 1. 
On the other hand, we have 




JV 



(/")**= (/")**() + (/")*$0 



(f n )^o + (f n - 1 )^i + (f n - 1 )^i- 



So by induction, we get 



+ 



22 



Since X is Kahler, every closed form which is d-exact is dd c -exact 
p. 41]. Hence the dd c -closed form *$> n defines a linear form on 7i s ' s (X, R) by 
[a] i — > J fy n A a for every real closed (s, s)-form a. The Poincare duality 
allows to associate to \l/ n a unique class c n in TL k ~ s,k ~ s (X, M). For n > 1 we 
have 

llcnll < IIvMl* <(4-e) n 

Define 

1 N h 

b n := (f n Uo + (f n -% Cl + • • • + c n and B N := - £ 

n=l s 

As in the proof of the Proposition 2.4, we can check that the sequence (-Bat) 
converges to a class B 6 7i. k ~ s ' k ~ s (X, C) such that ||_B|| < cH^Hdsh where 
c > is a constant. 

Now, assume that S is smooth and is DSH. Since S is closed, then 



(errs, *> = <5, (D,$> = / [s\ a 6 n + (s, <& n ) (3) 

and 



J n=l s 

The second term in the right hand side of the last equality tends to zero 
because ||$ n ||DSH < (4 - e) n - Hence 



lim(Siv,$} = j[S] AB < c||$| 



DSH- 



It follows that (Sn) converges to a PB current Soo which depends only on 
the class [S]. It is clear that f*Soo = d s Soo- Hence Soo belongs to MF S (we 
can write S and Soo as differences of positive closed currents). Observe that 
if S is strictly positive, by definition of d s and Z s , we have [Soo] ^ 0. Hence 
Soo is a non-zero positive current and T s ^ {0}. 

Now assume that S is PB (not necessarily smooth) and $ is smooth. 
Then, $ n is continuous. If S' is a smooth real (s,s)-form cohomologous to 
S, we have 

1 »(S-S',$ n ) 



(S N -S> N ,$) = f[S-S']AB N + ^ {1 ^4 

J 1 s 

l_"(S-S',$ n ) 

/v 2^ 



n=l s 
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The last term tends to zero because S — S' is PB and ||$ n ||DSH ^ (d s — e) n - 
It follows that (<Sjv) converges to a PB current in RT S . 

Let R G ffir s be a current such that [R] = 0. Then, using identity (3) 
we get 

| <*,«!>> | = d7 n \((rTR,$)\ = dJ n \(R,^ n )\ < d~ n (d s - e) n . 

Therefore, (R, <£) = and hence R = 0. It follows that the restriction of [ 
to RT S is injective. 

Let R G RF S and $ smooth. Using the identity (f n )*[R\ = d%[R], we get 

(12,*) = dJ n (R,(P)*<S>) 

= J [R] A (co + d- x Cl + • • • + d- n c n ) + d7 n (i?, 

Since R is PB, when n — > oo, we get (12,*) = f[R] A c$ with c$ := 
^ n>0 <i~ n c n . Following Proposition 2.1, c$ depends continuously on *. 
Hence, we can extend R to a continuous linear form on * 6 DSH fc_s (X) by 

(12,*) :=c*. 

Hence 12 is PC. 

We show that the restriction of [ ] to RC(T) is injective. Let 12 G RC(T) 
be a current such that [12] = 0. We have to prove that 12 = 0. We can 
write 12 = 12+ — 12 with 12+ positive closed currents such that 12+ < cT 
for a constant c > 0. Define 12+ := d^(f n )^R ± and 12 n := 12+ — 12^. 
We have 12+ < cd™(/ n )*T = cT. For a smooth test form *, we have 
| (T, *+) | < (d s — e) n . The domination of 12+ and the negativity of *+ imply 
that \{Rn,$±}\ < (d s - e) n . Since [12 n ] = 0, we obtain from (3) that 

\(R,$)\ = dJ n \((n*R n ,<f>)\=dJ n \(R n ,<S> n )\ < d J n (d s -eT. 

Hence (12, *) = and R = 0. This completes the proof of Theorem 4.1. □ 

Corollary 4.2 Let f be a holomorphic automorphism of a compact Kahler 
manifold X of dimension k. Assume that the dynamical degrees of f are all 
distinct. Then for every s, 1 < s < k, there exists a non-zero PC positive 
closed (s, s)-current T s such that f*T s = c s T s with c s > 0. 

Proof. The hypothesis implies, thanks to the Khovanskii-Tessier-Gromov 
convexity theorem (2213011211 (see Section 2.3), the existence of m such that 

1 < d\ < di < ■ ■ ■ < d m > d m+ i > ■ ■ • > dk = 1. 
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Using Theorem 4.1, we construct the current T s such that f*T s = d s T s for 

I < s < m. The current T\ can be constructed as in Corollary 3.5. We 
now construct the other currents by induction using Theorem 3.1 for / . 
We construct (1, 1) -currents Si, 1 < i < k — m, with Holder continuous 
potentials and invariant currents T s , m + 1 < s < k, of the form T s = 
T m A S\ A ... A S s -m- These currents satisfy f*T s = c s T s , c s > 0. Since / is 
an automorphism, we necesarily have c& = 1. 

In order to apply inductively Theorem 3.1 for / , we need only to verify 
that the first dynamical degree Ai(T s ) of / , relative to T s , is strictly larger 
than 1 for m < s < k — 1. Following the last inequality of Proposition 2.6, 
it is sufficient to prove that c s > 1 for m < s < k — 1. We have for every 
e > 

c s " n < J (f n )*T s A = d~ n J T m A (D*(5i A ... A 5 s _ m ) A ^ fc ~ s 

= d m n J [St] A ... A [5 s _ m ] A (rriTm A ^ fe - s ] < d m n (d k _ s+m + 6)". 

It follows that c s > 1 for m < s < A; — 1. This completes the induction step. 

One can check that the wedge product of a PC positive closed current 
with a current of bidegree (1,1) with continuous potential is always PC. □ 

5 Mixing of the equilibrium measure 

In this section, using the methods developed above, we can construct, for 
automorphisms with distinct dynamical degrees, an equilibrium measure 
which is PC and mixing. We get the following result. 

Theorem 5.1 Let f be a holomorphic automorphism of a compact Kahler 
manifold X of dimension k. Assume that the dynamical degrees of f are 
all distinct. Then f admits a mixing PC invariant measure \i. Moreover, /i 
gives no mass to sets with small Hausdorff dimension. 

We need the following variation of Ahlfors's estimate (see [21 135| ) . 

Lemma 5.2 Let f be a holomorphic automorphism of X. Let T be a pos- 
itive closed (s, s)- current such that f*T = AyT with At > 0. Assume that 
Ai(T) < 1. Then for every smooth function if) > 0, the limit values of 
the sequence S n := A^ n (/")* (vpT) are positive closed currents. Moreover, 

I I d<Sn|| and |jdd c 5 ra || — > 0. If S ni — 1 S and if a is a closed (l,l)-current 
with a continuous potential, then S Ui A a — ^ S A a. 
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Proof. Let 9 be a continuous (0, l)-form. The Cauchy-Schwarz inequality 
implies that 



A, 



< 



c 



(f n )*(dip A ATA io k ~ s ~ l 

1/2 



1/2 



(f n )*uj AT A to 



k-s-l 



9 AO AT Alu 

1/2 



k-s-l 



1/2 



wATAw 



fe-s-l 



if i<9?/> A dip and id A 9 are bounded by cw, c > 0. It follows that A n < 
(Ai(T) + e) n / 2 . Since Ai(T) < 1, we have lim^4 n = 0. As a consequence, 
lim ||35 n || = 0, hence lim ||dS n || = 0. 

To estimate ||dd c 5 n ||, one has just to observe that for c > large enough 

-c{f n )*uj AT < dd c (/ n )> AT < c(f n )*LO A T. 

Let u be a local continuous potential of a and 9 be a test form. Define 
■0tj := (/ n )*V'- F° r the l as t assertion of this lemma, we have 



{ip n T A dd c u, 9) 



(dd c (uT)^ n 9) 

{dd c (ip n T),u9) + (d(^ n T),ud c 9) - 
-(d c (ip n T),ud0) + {dd c (uip n T),9) 



The first three terms tend to zero. Hence, S n , A a S A a. 



□ 



Proof of Theorem 5.1. We construct invariant currents T s as in Corollary 
4.2. We choose an extremal current T m in F m . We can write T s = T m AS\A 
. . . A S s - m for s > m + 1, where Si are closed (1, l)-currents with Holder 
continuous potentials. Define [i := Hence [i is PC. The estimate of 
Hausdorff dimension of fi uses classical arguments |14[ KS5|. If the potentials 
of Sj, 1 < j < k — m, are aj-H61der continuous, then [i gives no mass to 
sets whose Hausdorff dimension is smaller than a± + ■ ■ ■ + (Xk-m- 

We show first that fi is ergodic. Let ifi > be a smooth test function. 
Let r be the limit of a sequence of currents n^ 1 Y^jLify P)T m - It is 



clear that f*r = d m T and r < 



Lemma 5.2 implies that r is 



closed. Hence r G T m . Since T m is extremal in T m , we have r = cT m 
for a constant c. We can now apply inductively Lemma 5.2. Since the 
currents S r have continuous potentials and Ai(T s ) < 1 for m < s < k — 1, 
n r 1 Sj=i(V' ° /"Oa* converge to c/x. The invariance property of fj, implies 
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that c = / V'd/U. This constant does not depend on the sequence (rij). 

Consequently, n _1 ^j=iC0 ° /"Oa* converge to c/j,. Hence fx is ergodic. 

We now prove that fi is mixing, which means (f n )*ipn — > c/x, c = 
IIHI -1 / V'd/i, for every smooth function ^. Let M denote the set of measures 
which are limite values of the sequence (f n *ip)fi for some smooth function 
ip. Since C(T m ) is finite dimensional, Lemma 5.2 implies that M is a finite 
dimensional space which contains ji and which is invariant under /* and 
/*. Let E denote the space of functions ip € L 2 (/i) such that f (pdfi' = 
for every y! G M and E 1 - its orthogonal. Observe that these spaces are 
invariant under /*, /* and that we have dimi?^ = dimM. Moreover, in E, 
every function can be approximated by smooth ones. 

We show that dimE ± = 1. Since /* and /* preserve the scalar product 
in L 2 (fi), every eigenvalue of /* or /* has modulus equal to 1. Let ip be 
an eigenvector of /* associated to an eigenvalue A. We have /*|</?| = \<p\. 
The ergodicity of \i implies that \(p\ is constant. In particular, ip n E L 2 ( / u) 
for every n > 1 and we have f*<p n = \ n tp n . We claim that E does not 
contain any eigenvector. Otherwise, there is a function ip G E \ {0} such 
that f*(p = \p> with a A such that |A| = 1. We have for every smooth 
function ip: 

KwM = \{(f n )*^^)\ = \{{f n *^M\ -o. 

The last relation follows from the definition of E. We need of course to 
approach <p by smooth functions in E. We get that (pfj, = 0, hence <p = 0. 
A contradiction. 

Let ip be an eigenvector of /* in E 1 - associated to an eigenvalue A. Then, 
ip n belongs to E 1 - and is an eigenvector associated to A n for every n > 1. 
Since dim E 1 - is finite, A is a root of unity. We have f n *tp = <p for some n > 1. 
Since [i is ergodic, <p is constant. Hence, A = 1. Since f* E ± preserves the 

scalar product, dim£^ = 1 and M is generated only by /x. If (f Ui *tp)fi — > c/x, 
we have c = z/'d/Lt. This constant does not depend on (rij). Hence 

(/ n *V')/ u — * C M an d /J is mixing. □ 
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